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1. INTRODUCTION

Curtis [3] has considered the following problem. For each positive integer
n, let E, be a finite subset of the closed interval [—1, 1] containing at least n
points. For each real-valued continuous function x on [—1, 1], let P,(x)
denote the unique polynomial of degree at most n — 1 which best approx-
imates x uniformly over the set E,. Letting |l x|| =sup{|x(t)]| -1 <t 1},
Curtis’s main theorem states that the following two conditions are
equivalent:

(1) ||x—P,(x)]| — O for each x continuous on [—1, 1];

(2) There exists a constant K such that, for each n=1,2,..., if p is
polynomial of degree at most n—1 and |p(t)| <1 for all t€E,, then
lpll < K.

A classical result of Faber [6] states that if each E, contains exactly n
points, then (1) fails for some x. Curtis |3; Theorem 1] shows that (1) also
fails if each E, contains at most n + 1 points. On the other hand, a result of
Bernstein [1; pp. 55-57] states that if 1 > 1 is fixed and m, > An for every n,
then a sequence (E,) of subsets of {—1, 1], with E, containing m,, points, can
be chosen so that (2) is satisfied.

It is the purpose of this note to present a generalization of Curtis’s
theorem to an arbitrary Banach space setting (Theorem 2.5). It is interesting
to note that this theorem is a type of “uniform boundedness” principle,
except that is applies to a certain sequence of (generally nonlinear) metric

281
0021-9045/81/080281-11502.00/0

Copyright © 1981 by Academic Press, Inc.
All rights of reproduction in any form reserved.



282 DEUTSCH AND LAPIDOT

projections. One consequence of this result is the Erdés—Turan Theorem [5]
which states that a certain sequence of interpolating polynomials to a given
continuous function on [0, 1] converges, in the L,-norm, to the function
(Example 2.9). In Section3, a variant of Theorem 2.5 is established
(Theorem 3.1). This theorem is also related to one of Kripke [7] which states
that to find a best approximation from a finite dimensional subspace of a
normed linear space X to a given element in X, it is possible to replace this
by the (often easier) problem of finding best approximations relative to a
sequence of seminorms ||-|, on X with |||, —|-|l Several examples are
given to show that the hypotheses in Theorem 3.1 cannot be dropped.

2. A CONVERGENCE THEOREM

In this section, unless otherwise stated, we assume the following

hypotheses:

(i) X is a normed linear space;

(if) (M,) is an increasing sequence of finite dimensional subspaces of
X;

(i) (I,) is a sequence of finite dimensional subspaces of the dual
space X*;

(iv) for each positive integer n, a seminorm on X is defined by

1xll, = sup{l/ (| S € I £ < 1

(v) each M, is ||-|,-Chebyshev, i.e., for each x € X there is a unique
point P,(x) € M, such that

Hx - Pn(x)nn = dn(x) = mf{Hx - yHn * ye Mn}

The mapping x — P,(x) is called the metric projection onto M, relative to
the seminorm | -||,. It is easy to verify that P, is homogeneous, additive
modulo M,, and idempotent (i.e., P,(ax)=aP,(x), P,(x+ y)=P,(x)+ y
for all x€ X, y€M,, and P2=P,), but P, is not linear in general. The
norm of P, is defined by

1P|l = sup{|| P,(x)|| | x € X, [|x]| < 1}.

By the homogeneity of P,, it follows that || P,(x)|| < ||P,ll | x|l for every x.

2.1. LEMMA. The seminorm |||, is actually a norm on M,. That is,
YEM, and || y|,= 0 implies y=0.
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Proof. Suppose || ||, =0 for some y € M. Then

X = (P(x) + Plla <% = Pyl + 1 71l = llx = P,
By uniqueness of best approximations, P,(x) + y =P, (x), ie, y=0. 1}
The next lemma is another way of stating that each mapping P, is an
“open mapping” with the same “openness constant” (viz. 2).
2.2. LEMMA. For each positive integer n and each y € M, with || y|, < 1,
there exists an x € X with || x|| € 2 and P,(x)= y.
Proof. Given y € M, with || p||, < 1, define G= G, on I', by

GN=r») (€L,

Then G is linear and

sup |G(/) = sup [f(»l=Ilyl.<t
fer, fer,
IA=1 =1
Thus G €T} and |G| < 1. By the Hahn—Banach theorem G has a norm-
preserving extension (also denoted by G) in X**. Since I', is finite dimen-
sional, Helly’s theorem (see, e.g., [4; pp. 86, 87]) implies that there is an
x € X with f(x) = G(f) for f€ T, and ||x|| <{|Gl| + 1 < 2. Hence
fex=»)=f(x)—-f(»)=G(f)-G(f)=0
for all f € I',. Thus ||x — y[, =0 and hence y = P,(x). N
From Lemma 2.1 and the fact that all norms on a finite dimensional space

are equivalent, it follows that there is a constant K, such that

IVI<K,»ll. (YEM,).

The next result gives a condition equivalent to when a single constant works
for every n.

2.3. LEMMA. The following statements are equivalent.

(1) There is a constant K such that, for every n, |y|< K| »l,
(YEM,);

(2) There is a constant K such that, for every n,y EM, and | y||, < 1
implies || y|| < K

(3) sup,|P,|l < 0.
Proof. The equivalence of (1) and (2) is obvious.
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(1)=>(3). Assuming condition (1), we have

[Pyl = sup ||P,(x)| < sup K|Py(x)l,=K sup [P, (x),.
i <1 <1 <1

If | x|| € 1, then
P2 (XN S Pox) — X[ + Il < 2 M %[, < 2{x[ < 2.

So || P,|| € 2K. Thus (3) holds.
(3)=(2). Let K=2sup,||P,l,y € M,,and| y||,< 1. By Lemma 2.2,
there exists x € X with P (x)= y and || x| < 2. Thus
[yIl= 1PN <IP x| <K. B

2.4. LemMA. Consider the following statements.
(1) sup,[|P,|| < oo;
(2) sup, || P,(x)] < co for every x € X;
(3) lim,||x — P, (x)| =0 for every x € X.
Then (1)= (2) and (3) = (2).
Suppose, moreover, that {J° M, is dense in X. Then (1)= (3) and if, in

addition, X is complete, (2) = (1). In particular, if ) M, is dense and X is
complete, then all three statements are equivalent.

Proof. The implications (1)= (2) and (3) = (2) are trivial.
For the remainder of the proof, we assume that (J{° M, is dense in X.

(1)=> (3). Let K=sup,||P,l, x€ X, and ¢ > 0. Choose y€ U M,
so that |x — y|| < e(l + K)~!. Then y € M, for n sufficiently large so, for
such n, using the additivity modulo M, of P,,

[x =P < llx =yl + 1y — Pl
=[x=yl+ Py —x)
<e(l+K)y "+ Ke(l + Ky '=e.

That is, (3) holds.
Now assume also that X is complete.

(2)= (1). If (2) holds, define

Xy={x€X] sup P, <k}

Clearly, X = (J{° X,. By the standard compactness argument that shows that
the (usual) metric projection onto a finite dimensional Chebyshev subspace
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is continuous, one can verify that P, is ||-|| to ||-||, continuous, and hence
(using Lemma 2.1 and the equivalence of norms on M,), P, is ||-|| to ||-||
continuous. From this fact it follows that X, is closed. By the Baire Category
Theorem, there is an integer k,, an x, € X, , and & > 0 so that the ball

B(xg, £) = {x € X [[|lx — x, || < ¢}

is contained in X, . By the denseness of U M,, we may assume that
Xo € M, for some N. We have

sup [P, ()M <ko (V€ Blxo, ).

Thus if n > N and y € B(x,, ¢), then x, € M, N X, 50 xo=P,(x,) and
1Pu(y — X =11 Pulp) — Xoll S HP (D + ll X0l < 2.

Hence for n > N and z € X with ||z|| < ¢, y=2z + x, € B(x,, €) s0
I Pa( )l = [1Paly — o)l < 2ks-

It follows by homogeneity of P, that

[EHCHIES

2
—859 for all u € B(0,1).

Thus || P,|| < 2k,/¢ for n > N implies sup, || P,]| < . 1

Remark. Note that the equivalence of (1) and (2) is a “uniform boun-
dedness” principle for the (generally nonlinear) operators P,,.
Combining Lemmas 2.3 and 2.4 we immediately obtain the main result.

2.5. THEOREM. Let X be a Banach space and suppose \)° M, is dense
in X. Then the following statements are equivalent.

(1) There exists a constant K such that, for each n, y€E M, and
Iyl <1 imply || yll < K3

(2) There exists a constant K such that, for each n and eachy €M,
I <K Yl

(3) sup,||P.(x)] < oo for every x € X,

(4) sup,||P,[| < oo;

(5) lim,|x — P,(x)|| =0 for every x € X.

For the following result, let T be a locally compact Hausdorff space and
let C,(7T) denote the linear space of all real-valued continuous functions x on
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T “vanishing at infinity,” i.e., {t € T||x(¢)| > €} is compact for each ¢ > O.
With the norm ||x|| = sup{|x(¢)| |t € T}, Co(T) is a Banach space. If T is
actually compact, then Cy(7T) reduces to the space of all real-valued
continuous functions on 7, and is also denoted by C(T). Let (M,),2, be an
increasing sequence of finite dimensional Haar subspaces of C,(7) whose
union J® M, is dense in Cy(T). (Recall that an n dimensional subspace M
of Cy(T) is called a Haar subspace iff each nonzero element of M has at
most n — 1 zeros. Furthermore, a finite dimensional subspace of Co(T) is a
Haar subspace iff it is a Chebyshev subspace.) For each integer n, let E, be
a finite subset of T which contains at least dim M, points. For each n we
define a seminorm on C(7) by

%[l = sup{|x()| | € E, }.

For a given x € Cy(T), let P,(x) denote the unique element of M, which is
closest to x relative to the seminorm |}-||,:

Hx—Pn(x)nn = lnf{”x_ y”n\ yGM,,}

(This makes sense since M,,|, _is a Haar subspace in Co(T)|;, = C(E,).)

2.6. COorROLLARY. The following statements are equivalent.

(1) There is a constant K such that, for each n,y € M, and | y(t)| < 1
Jor all t€ E, implies || y|| < K;

(2) sup,||P,]l < o3
(3) sup, [P x|l < oo for each x € C(T);
(4) lim,||x — P,(x)|| =0 for each x € Cy(T).

Proof. We will exhibit a sequence of finite dimensional subspaces I, of
the dual space C,(T)* such that for each n and each x € Cy(T),

sup{|x(0)| | t € E,.} =sup{l/ ()| f €L, [FI< 1}

ie., ||x|l, = sup{|f(x)| f €T,,|fll <1}. Having done this, the result is then
an immediate consequence of Theorem 2.5. Let

I, =span{é,|tEE,},

where J, denotes the functional “evaluation at 1.” For each x € Cy(T), one
has

<Yl () < X layl xlly < X lel lxfl. (26.1)

Z a,.é,i(x)

t;€E
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On the other hand, by Urysohn’s lemma we can choose x € Cy(T) with
x| <1 and x(¢,) =sgna, for all t,€ E,. Thus

> ax(t)

tE€E,

Using relations (2.6.1) and (2.6.2), we get that ||}, ., @0, [|=2"|a,|, and

sup{|lS () | S € T, [IF] < 1}

=> la, (2.6.2)

= sup

Zaix(ti) tieEn’Zlail<1§
<sup{|x() | € E,}

<sup

Dax(t)| [LEE, Y |al< 1§

=sup{lf) | f €L A<}
Thus

sup{l/ (I | f € T, I/ < 1y =sup{lx()| [t € E,}. 1

2.7. Remarks. (1) If M, is an n dimensional Haar subspace in C[a, b]
and E, is a subset of [a, b| consisting of n points (resp.n + 1 points), then
P,(x) is the unique element in M, interpolating x on E, (resp. M, is a hyper-
plane in C(E,)). In either case, P, is linear. By a result of Kharshiladze and
Lozinski (cf., e.g., [2;p.214]) condition (2) of Corollary 2.6 fails. Thus
condition (4) also fails. This last remark yields an alternate proof to a result
of Curtis [3; Theorem 1] (who stated it in the particular case when 7 =
[~1,1] and M,=]],_, is the space of polynomials of degree at most
n—1).

(2) In the particular case when T=[—1,1] and M, =[],_,, Curtis
proved the equivalence of conditions (1) and (4) in Corollary 2.6 [3;
Theorem 2|.

We next give two “indirect” applications of Theorem 2.5. These
applications are indirect because the seminorms are not defined by finite
dimensional subspaces I, of the dual space; however, since the validity of
Lemma 2.2 and the inequality || x|, <[ x| can be readily verified, Lemma 2.3
and hence Theorem 2.5 are applicable.

2.8. ExamPLE. Let X=C|0,1] and M, =]1],_, (n =2, 3,...). For every
integer n > 2, let p = p(n) be the smallest even integer such that for every
y € M\{0},

Il A x> 1—=1/n, (2.8.1)

640/32/4-3
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where || y|, = [fo|¥(t)]” dt]"?. Set m=m(n)=4[(n— 1)p +2]. For every
x € X, define

x|, = lgl a,-mx"(t,-m)]up, (2.8.2)

where {t,,,, Lypms tum} are the roots of the mth orthogonal polynomial on
[0, 1] and the a;, (i=1,2,..,m) are the Gaussian integration coefficients.
For any y € M,,, we have

Exlly =171l (2.8.3)

since (2.8.2) is an exact integration formula for all polynomials of degree
2m—1 (>(n—1)p). Since a;,, > 0 and }'1" , a,, = 1, it follows that

i, <lixll, xex (2.8.4)

Given any y € M, with | y|, <1, it follows from (2.8.1) and (2.8.3) that
Iyl €2|lyll, € 2. Thus Lemma 2.2 holds with x = y. Using this and (2.8.4),
it follows that Lemma 2.3 is valid. As mentioned in the preceding paragraph,
Theorem 2.5 is now applicable. Thus we conclude: if P,(x) denotes the best
approximation to x from M, (relative to the seminorm ||-|,), then

lim | x - P,(x)| =0, XE X.
n—=o0

2.9. ExamMpPLE. Fix any even integer p. Let X denote the set of all real-
valued continuous functions x on [0, 1] with the norm || x||,, where | x|,
M,, and ||x||, are defined as in Example 2.8. (Note that X is not complete.)
However, by an argument similar to that in 2.8 (where here (2.8.1) is
replaced by || y|l/ll ¥l,= 1, y € M,) we have that Lemmas 2.2, 2.3, and 2.4
are valid. Since (J7_, M, is dense in X, Lemmas 2.3 and 2.4 implies that
lim, || x — P,(x)|| =0 for all x € X, i.e.,

lim Yx() = (P, x)(E)" di = 0. 2.9.1)

In the particular case when p=2, it follows that m=n, P,(x) is the
polynomial of degree n— 1 which interpolates to x at the points
tins Lagsees gy and the Erdos-Turan Theorem {5] results (see also
[2; p. 137]).

3. A VARIANT OF THEOREM 2.5

In this section we will consider the case when {5, M, is not dense in X,
ie, M={J, M, is a proper closed subspace of X. We will prove a variant of
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Theorem 2.5. Then, by means of examples, we will show that each of the
hypotheses is essential.

3.1. THEOREM. Let X be a Banach space and let M, | -||,, and P, be
defined as in Section 2. Suppose that, for every x € X, there is a subsequence
{n.} of the natural numbers with

(i) limg,g X, =%l x € X;

(ii) there exists xEM=ULI, M, such that
limk-.oo “'xO - Pnk(x)”nk =0.

Then || x — x,|| = d(x, M).
Suppose, in addition,

(iii) one of the statements of Lemma 2.3 holds.
Then lim,_, [ x, — P, (x)| = 0 and lim,_, || x — P, (x)|| = d(x, M).
Proof. Let y € M. Then

lx = ¥l 2 11x = yla, 211X = Pl 2 X = X0, =10 = P X,

Passing to the limit as k— oo and using (i) and (ii), we get ||x — y| >
||x —xo|l- Thus x, is a best approximation to x from M, ie., ||x— x| =
d(x, M).

Assume, in addition, (iii). Hence there exists a constant K such that, for
every n and every yEM,, || ¥|| < K| ]|, Hence

Fxo = P, (N < llxo = Py (Xl + [ Py (%) — Py ()]
<llxo = P (xo)ll + K 1Py (x0) = Py, (X,
<lxo = P (o)l + K112, (X0) = Xolln, + 11 X0 — P, (Xl ]
S+ K) {lxo = Py (xoll + K |0 = Py ()]

By (i), [xo— P, (x)l,,—0. By Lemma2.3, sup,|P,[ <o and hence,
applying Lemma 2.4 to M instead of X, we deduce that ||x, — P, (x,)|| - O.
Thus [|x, — P, (x)| - 0. Finally,

d(x, M) < [lx = Py (x)| < llx = Xo || + [| %o — P, X
=d(x, M) +||xo — P, (x)]| > d(x, M)
implies ||x — P, (x)| - d(x, M). 1

3.2. COROLLARY. Suppose that conditions (i), (i), and (iii) of
Theorem 3.1 hold. Then, for each x € X, some subsequence of the sequence
{P,(x)} converges (in the norm of X) to a best approximation to x from M.
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Kripke [7] has shown that if X is a finite dimensional normed linear
space, M, is a subspace of X, M, =M, (n=1,2,..), and |||, is a seminorm
on M,, then condition (i) alone implies the conclusions of Theorem 3.1.

In contrast to this, it is shown in the following examples that none of the
conditions (i), (ii), or (iii) can be dispensed with in general.

3.3. ExampLE. Fix a positive integer N, let X =[], (=the polynomials
of degree at most N), and M, =[]y, (n=1,2,..). Thus M= M, =
[1y_:. Let E be a finite subset of [0, 1] such that, for every x € X,

%[l =sup{lx(@)[ £ € [0, 1]} < 2[l|x][l

where || x||=sup{|x(t)||t€ E}. Set || x|, =||x|| for every n. Given x€X
with 0 x <1, ||x]|=1, and x|, =0, it follows that P,(x) =0 for all ». Let
x, be the best approximation to x from M over E:

I = gl = iaf 1= ],

Thus x, =0 and ||x, — P(x)]| =0 =||x, — P,(x)|, for all n. But

lfx =Xl =1> 3 >d(x, M)

since the constant function y =31 in M, satisfies ||x — y||=3. Thus the
conclusion of Theorem 3.1 fails although conditions (ii) and (iii) hold.

3.4. EXAMPLE. Let
X={x+ah|x€C[-1,1],—0 <a <o},

where A(t)=1if 0t 1 and A(t)=0 if —1 ¢ < 0. Endow X with the
supremum norm. Let £ = {¢;|i= 1, 2,...} be a dense sequence in [—1, 1] with
t;=-1,¢,=0, and t; = 1. For each n > 3, define

E,={t;li=1,2,,n}={"i=1,2,.,n}

where the £{" are ordered: £{” < £ < ... <. Let M, be the n dimensional
subspace of X consisting of those functions which are linear in each of the
intervals [#{™, "] (i=1,2,.,n—1) and continuous on [—1, 1}. Clearly,
UY M, is not dense in X. Define the seminorm ||x||, = sup{|x(t){ |t € E,}.
For any x € X, the piecewise linear function y € M, which agrees with x on
E, satisfies ||x — y||,=0. Thus P,(x)(#)=x(t) for all t€E,. For the
function A, |[A—P,(h)|=1 for every n while d(h, M)=3. Hence the

conclusion of Theorem 3.1 fails although conditions (i) and (iii) hold.
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3.5. ExampLE. Let X=C[-L 1|, M, =]],_, (n=1,2,..), and let E =
{t;|i=1,2,..} be a dense sequence in [—1, 1]. Define E, = {t;,|i=1, 2,..., n}
and || x||,=sup{|x(®)||t€ E,} (n=1,2,.). Clearly, M, is | -|,-Chebyshev.
In fact, P,(x) € M, interpolates to x on E,. Since M = M, = C[0, 1], we
have x,=x for every x € X. By the result of Faber mentioned in the
Introduction, the conclusion of Theorem 3.1 fails for some x. However,
conditions (i) and (ii) hold.
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